Abstract: We review recent theoretical developments on the nanoscale radiative heat transfer in magneto-optical many-particle systems. We discuss in detail the circular heat flux, the giant magneto-resistance effect, the persistent heat current, and the thermal Hall effect for light in such systems within the framework of fluctuational electrodynamics, using the dipolar approximation. We show that the directionality of heat flux in such systems can in principle be understood by analyzing the competing contributions to the heat exchange of the magnetic-field-dependent dipolar resonances of quantum numbers m = +1 and m = −1.
I. INTRODUCTION
In the last decade many works devoted to the possible passive control of thermal radiation at the nanoscale have been published. However, works dealing with an active control of nanoscale heat radiation are rather rare. For example, an active switching and tunability of the heat flux was recently discussed by means of an external biasing of graphene layers [1] or ferroelectric materials [2] . A relatively recent trend, the so-called thermotronics [3] , aims to introduce building blocks like diodes [4] [5] [6] , memories [7, 8] , and transistors [9, 10] for radiative heat flux by employing the properties of phase-change materials like VO 2 , for instance.
Such devices also allow an efficient active control of nanoscale heat fluxes by external heating or cooling and even pave the way to the opportunity of realizing Boolean operations with thermal radiation [11] . The first experimental proofs of the working principles of the diode and the memory have been realized both in the far-and near-field regime [12] [13] [14] .
All these works have in common that they show potential techniques to control the magnitude of nanoscale heat flux. Recently, it was shown that in magneto-optical systems the application of an external magnetic field allows for an active control not only of the magnitude of the heat flux, but also of its direction. This directional control is a direct consequence of the non-reciprocal response in such systems. As a result of this behavior, interesting effects can be expected like a circular heat flux carrying also angular momentum [15] , a persistent heat current in local and global thermal equilibrium [16] , a giant magneto-resistance effect [17, 18] , and a Hall or Righi-Leduc effect for heat radiation [19] . Such effects represent potential paths to an ultrafast modulation of the magnitude and direction of heat fluxes at the nanoscale and might be exploited in several applicative domains, including e.g magnetic and thermal sensing.
In this paper, we discuss all these magneto-optical effects for many-particle system within the framework of Rytov's fluctuational electrodynamics, using the dipolar approximation.
The general expressions for the heat flux between spherical nanoparticles particles have been derived first in Ref. [20] and then they have been extended to take the radiation correction and the thermal background radiation into account in Ref. [21] . Finally, this theory has been extended to treat the magnetic polarizabilities and the coupling between the electric and magnetic polarizabilites [22] , and to treat anisotropic and non-reciprocal particles [23] [24] [25] . This approach has then be used to study a three-body amplification [20] , superdiffusion in plasmonic networks [26] , nanoscale heat transfer between gold arrays [27] , anisotropy effects in many-body configurations [25] , heat fluxes in fractal structures [28] , to model larger objects within the discrete dipole approximation [23, 29] . Furthermore the many-particle theory has been used to study the limitations of the kinetic approach based on the Boltzmann equation [30] [31] [32] by using the exact theory to describe the heat flux in a nanoparticle chain [33] . The impact of the surface mode on a substrate has also been discussed [24, 34, 35] .
In the following we start by introducing the basics of the many-body theory based on fluctuational electrodynamics in Sec. II, then we introduce the non-reciprocal material properties of indium antimonide (InSb) in the presence of an external magnetic field in Sec. III.
We then discuss the above mentioned magnetic effects in Secs. IV-VII before proposing some potential applications in Sec. VIII. Finally, in Sec. IX we drive some conclusive remarks.
II. MANY-BODY THEORY
We consider an assembly of N identical nanoparticles in local thermal equilibrium at temperatures T i (i = 1, . . . , N ). We assume that the radii of all the nanoparticles are small compared to the other relevant lengthscales in the system, i.e. all the interparticle distances and the wavelengths playing a relevant role in the heat-flux spectrum. This assumption allows us to treat the system within the dipole approximation, according to which each particle is effectively described in terms of a fluctuating (electric and/or magnetic) dipole Poynting vector
where αβγ is the Levi-Civita tensor (using Einstein notation) and the Greek indices stand for the components of vectors and tensors, and G E/H 0i := G E/H (r, r i ). Furthermore, we have introduced the T matrix having elements
These are fully determined by the polarizability and Green tensors, for which we have
The full mean Poynting vector is as usual given by the integral expression
Similarly, we can derive the expression for the power transferred from particle j to particle i and obtain
with the transmission coefficient defined as
Note that for non-reciprocal permittivities in general T ij = T ji , so that the net power received by particle i is given by
This means that in our formalism if the particle i receives (emits) a net power then P i > 0 ( P i < 0). More details on the derivation of P ij can be found in Ref. [21] . We stress here that, while in the case of reciprocal materials the direction of heat flux from particle is entirely determined by the temperatures (from hotter to colder particle), Eq. (12) shows that an asymmetry in the transmission coefficients can non-trivally affect the value of the flux and also, in principle, its sign.
III. MATERIAL PROPERTIES
In the previous section, we have described each nanoparticle in terms of a fluctuating dipole, whose correlation function is connected [by means of the fluctuation-dissipation theorem, see Eq. (6)] to the polarizability tensor α. This matrix can be in turn expressed in terms of the permittivity tensor as [37, 38] 
This expressions shows that the properties of the permittivity tensor will have a direct impact on the polarizability: in particular, a diagonal (non-diagonal) permittivity tensor will result in a diagonal (non-diagonal) polarizability α.
Note that the system is non-diagonal and non-reciprocal since = t . Therefore, the polarizability matrix shares the same properties and can be written as
with α 12 = −α 21 . The appearance of the non-diagonal elements and the non-reciprocity are due to the Lorentz force or, more in general, to the time-reversal symmetry breaking induced by the presence of the external magnetic field.
In the following we focus on the material properties of n-doped InSb, i. 
The effects which we are going to discuss are very sensitive to the chosen material parameters. Therefore, in the following we use two different sets of material properties which correspond to two different doping levels of InSb. On the one hand, we use as parameter-set A the data from Ref. [19] , namely n = 1. 
IV. CIRCULAR HEAT FLUX
We first analyze the radiative behavior of a single particle (as sketched in Fig. 1 ) with temperature T 1 = T p placed in the origin of our coordinate system. These results will serve as the basis for the discussion of heat fluxes and currents in many-body systems. In this case the only relevant physical quantity is the Poynting vector, with the advange that it can be evaluated analytically. Expressing our result in spherical coordinates we find [15] S ω = S r,ω e r + S θ,ω e θ + S φ,ω e φ ,
with components For evident symmetry reasons, the Poynting vector has only a radial and an azimuthal component, but no polar one. In particular, the azimuthal component solely depends on the non-diagonal element α 12 and is therefore a direct consequence of the Lorentz force on the electrons in the nanoparticle. For the case B = 0 the Poynting vector is purely radial and α 11 = α 33 ≡ α so that we retrieve the well-known Mie-Planck formula [40] 
with the typical 1/r 2 dependence which guarantees that the flux through a spherical surface around the nanoparticle is constant for any choice of the radius of that sphere, so that the total emitted energy per unit time is constant.
In the presence of a non-vanishing external magnetic field B = Be z , the Poyinting vector has an azimuthal component and therefore the flux lines (i.e. the flow lines of the Poynting vector field) around the nanoparticle are circular with respect to the z axis. As it can be seen in Fig. 2 , in the near-field regime the full heat flux in the plane perpendicular to the z axis is circulating in counterclockwise direction, whereas in the far-field regime it is circulating in clockwise direction. To have a basic understanding of the mechanism behind this circular heat flux, we study the dipole resonances with angular momentum l = 1. These resonances are determined by the poles of the polarizability, i.e. by the conditions degeneracy is lifted due to the Lorentz force acting on the oscillating electrons. Neglecting for a moment the phononic contribution in the permittivity and setting γ = 0, we find the analytical expressions
for the dipolar resonances. It is apparent from these expressions that the resonance with (18) is weighted by the factor 1/(k 0 r) 3 , so that in this case the low-frequency resonance with m = +1 will dominate and therefore also give the leading contribution to the frequency-integrated heat flux. In the far-field regime, defined by k 0 r 1, the azimuthal component of S φ,ω in Eq. (18) is weighted by the factor 1/(k 0 r).
As shown in Fig Of course, due to the circular heat flux the fluctuating electromagnetic field also carries an angular momentum which can be split into an orbital angular momentum and a spin angular momentum. We have discussed in detail this property in Ref. [15] using the definitions of the spin and angular momentum introduced by Bliokh and Nori [41, 42] . However, here we want to focus only on the directionality of the heat flux, and we will see that the observed behavior can be helpful in the interpretation of the directionality of the heat transfer in more complex configurations. Before we discuss such configurations we want to emphasize that we can already for a single particle find the analogue of the persistent heat current found by Zhu and Fan [16] , which will also be discussed later. To this end, we assume that the particle is immersed in an environment populated by thermal photons at temperature T b = 0. As detailed in Ref. [15] in this configuration the total spectral Poynting vector reads
with S ω (T ) from Eq. (17) and
As a consequence, we deduce that at global thermal equilibrium the total heat flux is not zero, but there is a persistent heat flux S 
V. GIANT MAGNETO-RESISTANCE
As a next step, we want to study the impact of the presence of the magnetic field on the heat transfer between two nanoparticles with temperatures T 1 = T 2 . In particular, we first study how a change of the magnitude of the magnetic field alters the heat transfer by assuming that the magnetic field is perpendicular to the axis connecting the two particles.
Referring to the scheme given in Fig. 4 , we take here θ = 0. To this end we can use our general expression for P ij or P i in Eqs. (10) and (12), respectively, with i, j = 1, 2. Because of the symmetry of this two-particle configuration, we have T 12 = T 21 , so that
From T 12 = T 21 it is obvious that the non-reciprocity does not play a role in this specific scenario, meaning that it does not induce an asymmetry in the transmission coefficients. In particular, for T 1 = T 2 we have P 1 = P 2 = 0 and the heat flux between the particles fulfills the property P 12 = P 21 . Consequently the persistent circular heat flux around the nanoparticles, which also exists in the two-particle configuration, does not result in a persistent heat transfer between the particles.
However, the splitting of the dipolar resonances has an impact on the magnitude of transferred heat for the case where T 1 = T 2 . This can be nicely seen in Fig. 5 , showing the spectral heat flux P 12,ω for different magnitudes of the applied magnetic field. For B = 0 the three dipolar resonances are degenerate, whereas they start to split when B is increased.
Furthermore, the amplitudes of the resonance peaks drop when the field is applied. Both the splitting and the amplitude drop result in an overall drop of the power | P 1 | emitted from particle 1 and received by particle 2 when the magnitude of the magnetic field is increased.
We observe in Fig. 5 that this power drop in the configuration under scrutiny can achieve values as large as 70%. This is the giant magneto-resistance effect discussed in detail in
Ref. [17] .
Instead of changing the magnitude of the heat flux by changing the magnitude of the magnetic field, we can obtain the same result by changing its direction. This property was first highlighted in Ref. [18] . To take into account this effect in our calculations, we rotate the permittivity tensor by the angle θ around the y-axis: this is equivalent to a rotation of the magnetic field by the angle θ around the y-axis. In this case the angle-dependent permittivity tensor reads
where Since our two particles are aligned along the x-axis (see Fig. 4 ), the magnetic field will be perpendicular to the line connecting the particles for θ = 0 and parallel to that line if angles. This is the previously discussed giant magneto-resistance effect. Second, the heat flux has a global maximum for θ = π/2 and a second local maximum for θ = 0. In between the heat flux goes through the global minimum which is close to θ = π/4 for strong magnetic fields. The position and existence of the minimum depend on the magnitude of the applied field, and on the interparticle distance. It is remarkable that the heat flux can be reduced by more than 90% by changing the direction of the magnetic field. This effect is particularly pronounced close to θ = π/4. On the contrary, when the direction of the magnetic field is parallel to the axis conecting the particles then no magneto-resistance effect exists.
VI. PERSISTENT HEAT CURRENT
Now, we turn to the first configuration in which the non-reciprocity affects the heat current by producing an asymmetry in the heat flux. Starting from the general expression (12), when the material system is in local equilibrium at a given temperature T j , it follows that the particles i and j exchange an energy flux
Hence, this exchange of energy is a direct signature of non-reciprocity, in the sense that it is different from zero if and only if T ij = T ji . Notice that since this the total net heat flux on each particle i must vanish (i.e. N j =i P (eq) ij = 0), the following general relation between the transmission coefficients holds [17] 
It immediately follows from this relation that, despite the non-reciprocal behavior of the permittivity, a two-body never displays an asymmetric heat flux, since we necessarily have
Consequently, a configuration showing an asymmetrical flux must consist of at least three particles. Therefore, let us consider three particles sitting at the corners of an equilateral triangle. The applied magnetic field is taken to be perpendicular to plane common to the three particles. In this configuration non-reciprocity results indeed in a flux asymmetry, since T 12 = T 23 = T 31 = T 13 = T 32 = T 21 . In other words, the heat currents in clockwise and counterclockwise directions are different when applying a magnetic field. As a consequence, even for a local equilibrium situation where T 1 = T 2 = T 3 = 300 K there is a persistent directional current as first pointed out by Zhu and Fan in Ref. [16] .
In Fig. 7 we show the Poynting vector when T 1 = T 2 = T 3 = 300 K in the presence of a magnetic field along the positive z direction. Since the environment is at zero temperature, the particles mainly emit heat toward this environment. Due to the presence of the magnetic field, we have a circular heat flux in counterclockwise direction around the nanoparticles, resulting from the fact that the resonance with m = +1 dominates the heat flux in this configuration. Nonetheless, when calculating the interparticle heat current we find that
Hence here we find a dominant heat current in the clockwise direction. We stress again that this does not mean that there is a net flux emitted or received by the particles, since it is easy to show that in local equilibrium we have That means that the particles stay at their temperatures T 1 = T 2 = T 3 . Therefore, this persistent current does not result in a measurable heating or cooling.
It is not obvious that the heat current is preferentially in clockwise direction, because the analysis of Poynting flux lines in Fig. 7 seems to suggest a heat current in counterclockwise direction. To make the path which the heat flow takes more obvious we show in Fig. 8 the results of the heat flux when heating up particle 1 to T 1 = 310 K while keeping the other particles at 300 K. It can be seen that, when applying the magnetic field, due to the circularity of the heat flux the path of heat flow bends toward particle 2 so that the heat goes preferentially from particle 1 to particle 2. This is the reason for the heat current in clockwise direction which also persists when the temperatures of the particles are the same.
To substantiate this we show in Fig. 8 also the spectral power P ω,i (i = 1, 2, 3). Then one can ses that particle 2 is more efficiently heated up than particle 1, indicating that the heat flux goes preferentially in the counterclockwise direction because of the dominant contribution of the m = −1 resonance. 
VII. THERMAL HALL EFFECT
Let us now turn to the thermal Hall or Righi-Leduc effect for heat radiation. This effect has been first studied by Ben-Abdallah [19] within a four-particle configuration as depicted in Fig. 9 . In this configuration the transmission coefficients fulfill the properties
and heat transfer between next neighbors in counterclockwise direction T cclw . As a consequence of non-reciprocity, we have in general T clw = T cclw . Furthermore, due to the symmetry of the configuration we further have
i.e. the transmission coefficients describing the heat transfer between opposite particles are the same.
In order to study the thermal Hall effect it is assumed that the particle on the left and the one on the right are thermalized to T L = 310 K and T R = 300 K, respectively. Then one lets the particles on the top and bottom dynamically go to their steady state. It is clear that without magnetic field the temperatures T B and T T of the particles at the top and bottom will reach a value which is between T L and T R . Because of the symmetry of this configuration it is also clear that the steady-state temperatures will be equal, i.e. T B = T T . Now, when turning on the external magnetic field B = Be z it was shown that either the particle on the top or the one at the bottom becomes slightly hotter than the other one.
Hence, in steady state a finite temperature difference |T B − T T | perpendicular to the applied temperature difference T L − T R is established. This is the thermal Hall or Righi-Leduc effect which has been explained in terms of the rotation of the optical axes of the nanoparticles emitted or received by each particle.
due to the presence of the magnetic field. Based on the previous discussion, it is evident that we can now understand it as a consequence of the circular heat flux which is itself an effect of the Lorentz force acting on the electrons inside each particle.
For a quantitative study of the thermal Hall effect we first consider the case where the particle on the left has a temperature of T L = 310 K and the other particles have the fixed temperature of 300 K. In Fig. 10 we first show the heat flux around the particles and the power emitted or received by them when no magnetic field is applied. It can be nicely seen in Fig. 10(a) that the Poynting vector field is symmetric with respect to the x-axis. Therefore the heat flow to the upper and lower particle is the same. This can also be verified by the fact that the spectral power received by the particle at the bottom and by the one at the top are exactly the same for all frequencies [see Fig. 10(b) ].
When applying the magnetic field in z direction the heat flux becomes circular as shown in Fig. 11(a) . It is tempting to assume that, due to the circularity of the heat flux in counterclockwise direction (associated to a more pronounced contribution of the resonance for m = +1), the heat current is counterclockwise as well. We have seen before, that this is not necessarily the case, because the counterclockwise circularity adds up into a clockwise circular heat current in the inner part of the four-particle configuration. Furthermore, there is a competition between the heat currents associated to the m = +1 and m = −1 resonances.
This can be seen in the spectral power received by the upper and lower particle in Fig. 11(c) .
For B = 1 T the lower particle is mainly heated up by the m = +1 resonance and the upper particle is heated up by the m = −1 resonance. It seems that the m = +1 resonance in P B,ω is slightly stronger than the m = −1 resonance in P T,ω . This suggests that the particle at the bottom is heated up more efficiently than the particle at the top. When integrating the spectral power, it turns out that this is indeed the case. Nonetheless, in Fig. 11(c) there is for B = 1 T also a power flow to the lower particle by the m = −1 resonance and to the upper particle by the m = +1 resonance. This corresponds to a clockwise or counterclockwise rotation of the heat current within the fourparticle system. When increasing the magnitude of the magnetic field to the value 3 T, the heating of the lower particle by the m = −1 resonance and the heating of the upper particle by the m = +1 resonance become stronger. In this case it is not directly evident from the spectral power plotted in Fig. 11 (d) which particle will receive more heat. When integrating the spectral power we find that for B = 3 T the particle on top heats up more efficiently than the particle at the bottom.
In order to study the directionality of the heat flow in the four-particle configuration or the thermal Hall effect in more detail, we now assume that at time t = 0 the particles have the same temperatures as above, i.e. T L = 310 K and the other particles have a temperature of 300 K. The difference is now that we fix the temperatures of the left and the right particles at T L = 310 K and T R = 300 K, and let the temperatures of the upper and lower particle evolve in time until they reach their steady-state value. This dynamic process can be described by the set of two differential equations (k = B, T )
where the values for the heat capacity is C = 200 J/kg K and the mass density ρ = 5775 kg/m 3 of InSb are taken from Ref. [43] , and V is the volume of the nanoparticles.
This system of differential equations can be easily solved by a Runge-Kutta method. In Fig. 12 we plot the temporal evolution of the temperature difference T B − T T for two magnetic field strengths. It can be seen that the steady state is reached in our configuration after ten milliseconds. Furthermore, it can be seen that for B = 1 T the particle at the bottom is hotter than the particle at the top in the steady state. For B = 3 T we find the opposite result. Hence the direction of the thermal Hall effect depends on the magnetic field strength.
This dependence of the steady-state temperatures on the magnetic field strength and therefore the directionality of the thermal Hall effect can be better studied by introducing the relative Hall temperature difference defined by
where
and T (st) T are the steady-state temperatures of the bottom and top particle, respectively, defined by the condition dT B/T /dt = 0. In Fig. 13 we show R T as a function of the mangnetic field strength for two different interparticle distances. This plot confirms that for d a = 500 nm and weak magnetic fields R T > 0 so that the particle at the bottom is heated up more efficiently than the particle at the top. Hence for small magnetic fields the directionality of the Hall effect follows the directionality of the circular heat flux around the particles which is in counterclockwise direction. Interestingly, for magnetic fields stronger than 2.7 T the directionality changes and the particle at the top is heated up more efficiently.
It is interesting to remark that that the directionality of the heat flow also depends on the the geometrical configuration. As a matter of fact, when chosing d a = 700 nm we find already the reverse effect. This reversal has to be expected from our discussion in Sec. IV to happen at the transition from near field to far field, where the m = −1 resonance dominates.
Here this transition from a m = +1 to a m = −1 dominated heat flux happens already for a relatively small distance which is due to the different parameter-set A used for the Hall effect.
If we used the parameter-set B instead, this transition would happen at larger distances.
Furthermore, we find that for the parameter-set B the Hall effect is rather small.
VIII. THERMAL GRADIENT AND MAGNETIC FIELD SENSING
Before concluding, let us briefly discuss some potential applications of thermal Hall effect in the field of temperature or magnetic-field sensing. Let us start by considering a system analog to the four-terminal junction made with magneto-optical nanoparticles used to demonstrate the existence of a photon Hall effect (Fig. 9 ). Under the action of an external magnetic field of weak intensity and a relatively weak temperature gradient ∆T between the left and right particle, the Hall flux exchanged between the bottom and top particles reads
where ∆ H T = T B − T T , ∆T = T L − T R , G H is the Hall thermal conductance which can be easily calculated knowing the geometric configuration and the optical properties of particles, and β is a proportionality coefficient. Therfore on one hand a simple meaure of ∆ H T gives us the Hall flux ϕ H and also the magnetic-field intensity. On the other hand, if the applied magnetic field and the temperature gradient ∆T are known then relation (36) gives the value of transversal gradient ∆ H T .
IX. SUMMARY
We have reviewed some recently described basic mechanisms which drive the radiative heat exchanges in systems made with many magneto-optical particles. In the particular case of a single particle, we have shown that one can observe a persistent heat flux which is very similar to persistent heat current described in more complex situations and which is fundamentally related to the singular topological structure of heat flux. Based on the discussion of the circular heat flux around a magneto-optical particle we have tried to intuitively understand the directionality of the heat flux in many-particle configurations with three and four particles. We have shown that this directionality can in principle be understood by the circular heat flux but it highly depends on the configuration and the magnetic-field strength.
In particular, for three particles in an equilateral triangle the persistent heat current and also the heat current in general seems to be in the opposite direction of the circularity of the heat flux around the particles. However, in a symmetric four-particle configuration as the one considered for the thermal Hall effect, for small magnetic fields the directionality is in the same direction as the circular heat flux around the particles. We have seen that due to the competing contributions of the m = +1 and m = −1 resonances it is not always a priori clear in which direction the heat will flow. Besides, we have shown that the non-reciprocity can be exploited to make thermal and magnetic field sensing and to modulate the heat flow in multiple directions.
